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Abstract — We study the capacity region Cl of an arbitrarily 
varying multiple-access channel (AVMAC) for deterministic codes 
with decoding into a list of a fixed size L and for the average 
error probability criterion. Motivated by known results in the 
study of fixed size list decoding for a point-to-point arbitrarily 
varying channel, we define for every AVMAC whose capacity 
region for random codes is nonempty, a nonnegative integer U 
called its symmetrizability. It is shown that for every L < U, Cl 
has an empty interior, and for every L > (U + 1) 2 , Cl equals the 
capacity region of the AVMAC for random codes with a known 
single-letter characterization. 

I. Introduction 

We study the deterministic code capacity region of an 
arbitrarily varying multiple-access channel (AVMAC) under 
fixed size-L list decoding. For every received sequence, a list 
decoder outputs a list of message pairs of size at most L. 
The error occurs when the transmitted message pair is not in 
the output list. We restrict ourselves to a discrete memoryless 
AVMAC with finite inputs, output and state alphabets and the 
average error probability criterion. 

For point-to-point transmission over an arbitrarily varying 
channel (AVC), it is known (Tj| that the (list-of-1 size) de- 
terministic code capacity equals either or the random code 
capacity. The latter capacity is defined for a "random code" 
in which the encoder and the decoder are assumed to have 
shared access to a random experiment whose result can be used 
in selecting a deterministic code from a pool of such codes. 
Later, it was shown in 0, that a necessary and sufficient 
condition for the deterministic code capacity to be zero is 
when the AVC is "symmetrizable." When list decoding of a 
fixed size L is considered, it also holds that the list-of-L size 
capacity for deterministic codes equals either or the random 
code capacity; a necessary and sufficient condition for the list- 
of-L size capacity for deterministic codes to be zero was given 
in 0, in terms of a quantity termed the "symmetrizability" 
of the AVC defined in 0. This latter concept can be regarded 
as a generalization of the symmetrizable condition of the AVC 
considered in 0, 0. Precisely, an AVC is symmetrizable if 
its symmetrizability is at least 1. 

Next, turning to transmission over an AVMAC with the 
usual decoding (L = 1), Jahn J5] has shown that the capacity 
region C\ for deterministic codes either has an empty interior 



or equals the random code capacity region defined and char- 
acterized therein. Gubner introduced the symmetrizable 
condition for an AVMAC and showed that it implies that the 
interior of C\ is empty. Later, Ahlswede and Cai proved 
that this condition is also necessary for C\ to have an empty 
interior. 

In the present paper, we introduce a concept of symmetriz- 
ability of an AVMAC and study its relationship with its list- 
of-L size capacity region for deterministic codes 

II. Preliminaries 

We start with the definition of a discrete memoryless 
AVMAC and certain quantities showing its specific behavior. 

Let X, y, Z and S be finite sets representing the alphabets 
of the two inputs, output and state, respectively. The AV- 
MAC is determined by a family of conditional distributions 
W(z\x, y, s) on Z(z G Z), defined by two input symbols 
x € X, y G y and a state s G <S. It is assumed that the 
AVMAC is memoryless, i.e., that the transition probability 
function W n (z\x, y, s), x = (xi, . . . , x n ) G X n , y = 

(yi,---,y n ) e y n , (zi,...,z„) g z n , s = (s 1 ,...,s n ) g 

S n satisfies W n (z|x,y,s) = n?=i W{z % \x u y u Si ). We de- 
note such a channel as G = (W, X, y, S, Z). A deterministic 
code (U^ n \V^) of length n and cardinalities Ml, M 2 
is a collection of = {xi, . . . , x^} C X n and 

V(") = {yi,...,yA/ 2 } C y n . We call R t = ±log 2 Mi 
(resp. i?2 = - log 2 M 2 ) the rate of the code for transmitter 1 
(resp. transmitter 2) and (i? x ,i? 2 ) the rate-tuple of the code. 

In the present paper, we consider list decoding of a fixed size 
L; the usual decoding corresponds to a special case of L = 1. 
Given Mi and M2, a list-of-L size decoder is defined with a 
collection {A^}^ with A l3 C Z n , i = 1, . . . ,Mi, j = 
1, . . . , M2, representing the set of all received sequences each 
having the message pair in its decoding list. Further, 

it is required that fl(i,j)eit^y = $ f° r a ^ K — [Mi] x 
[M 2 ] with \K\ >L + 1, where [Mi] = {1, . . . , Mi}, [M 2 ] = 
{1, . . . , M 2 }. Consequently, a received sequence z is decoded 
into a list of L' < L message pairs {(ii, ji), ■ ■ . , {iv, Jz/)} ^ 
[Mi] x [M 2 ]. The decoding rule is cf> L (z) = G [Mi] x 

[M 2 ] : z G Aij}. The code together with the decoder Cl = 
(U,V,4>l) is called a deterministic code decoded into a list of 
size L. The error probability of decoding into a list of size L 



when the message pair is transmitted over the AVMAC 
in the state s G S n is defined as 

ei(«,i,s) = e L (i,j,s,C L ) 

== £ W^(z|x ljy ,,s) (1) 

and the corresponding average error probability is defined as 

Mi Af a 



e L (s) = e L (s,C L ) = ^ZE 



1 



Mi M 



ei,(i,i,s). (2) 



t=l 3 -=l 

For i?i > 0, i?2 > 0, we are interested in the quantity 
Pl(Ri,R 2 ) = limsup min maxei(s,Ci). 

ri->oo C L , log 2 Mi>_Rin sgS" 
log 2 M 2 >R2n 

Define the list-of-L size capacity region Cl = Cl{G) of 
G for deterministic codes under the average error probability 
criterion to be the closure of the region {{R\ > 0,R 2 > 0) : 
Pl(Ri, R2) — 0}; let mi(Cx) denote the interior of Cl. 

The random code capacity region C R , defined in J9), will 
play a central role in this paper. C R was characterized therein 
as the closure of the convex hull of the following region 

r < R 1 < mf Ps(s) I(X A Z\Y) 

|J \ {R 1 ,R 2 ): 0<R 2 <M Ps{s) I(Y A Z\X) 
Px(x) { Ri+R 2 < inf Ps(s) I(X, YAZ) 

Py(y) 

with the union being over all distributions Px on X and Py on 
y and with the joint distribution of (X, Y,Z) G XxyxZ be- 
ing P X Yz{x,y,z) = P x (x)P Y (y)J2 s£S P s (s)W(z\x,y, S ). 

III. Main Results 

The following proposition extends the statement of Jahn fl9l 
from L = 1 to the case L > 1. 

Proposition 1: Either Cl equals C R or int(Ci) = 0- 

The proof of Proposition 1 follows the derivation in |9l . 
When intipL) 7^ 0, a deterministic prefix code can be used 
with decoding into a list of size L at a rate-tuple with each 
individual rate being nonzero to show that Cl 3 C R . The fact 
that Cl Q C r also follows, upon noting that C\ C C R , in a 
similar manner to the AVC case 0, (8) and an exercise in J4] 
p. 230]. 

Definition 1: For a positive integer u, an AVMAC G is 
u-symmetrizable if either of the following holds, 
a) There exists a conditional distribution 

U(s\x 2 ,y 2 ,...,x u+1 ,y u+ i), s£S, 

(^2,2/2), (z«+i,y«+i) € X x y such that for any 
xi,...,^! G 2/1, ■ • ■ ,J/«+i G z G Z and any 
permutation n on [it + 1] = {1, . . . , 11 + 1}, 



s£S 



W(z\xi,y 1 ,s)U(s\x 2 ,y2, ■ ■ ■ , 2^+1, 2/u+i) 



b) For some a, b satisfying (o + l)(b + 1) > it + 1, there 
exists a conditional distribution 

U(s\x 2 , ■ ■ ■ ,x a+ i,y 2 , ■ . ■ ,yb+i), s G 5, x 2 ,...,x a+ i G X, 
2/2, ■•■ ,2/b+i G y such that for any x 1 ,...,x a+1 G 
X, yx,,.., yt,+i G y, s G 5, z G Z, and any permutations 
7r on [a + 1] and cr on [6+1], 



ses 



W{z\x u y 1 ,s)U{s\x 2 , 



1 %a+\, J/2; 



.2/6+1, 



Ese5 M/ ( z l x ^(i)'^(i)' s ) 

U(s\Xtt(2), ■ ■ ■ ,^7r(a+l),2/o-(2), • ■ • , J/er(6+l))- 



(4) 



To simplify terminology, we take all AVMACs to be 0- 
symmetrizable. It is clear that if G is it-symmetrizable, then 
G is also it'-symmetrizable for all < v! < u. The 
symmetrizability of G denoted by U = U(G) is defined as 
the largest integer it for which G is it-symmetrizable. 

Theorem 2: For an AVMAC with symmetrizability U, 
int(C L ) = far every L<U. 

Theorem 3: For an AVMAC with symmetrizability U and 
for every L > (U + l) 2 , C L equals C R . 



IV. Outline of Proofs 

For a positive integer M, let [M] denote {1, . . . , M}. For 
a set K C [M] x [M], let 7 K = {i G [M] : 3j G 
[M] such that G if} and J x = {j G [M] : 3i G 

[M] such that G K}. 

Outline of the Proof of Theorem 2: For a fixed L < U 
and any (5 > 0, we consider any deterministic code (decoded 
into a list of size L) C L = (U {n) = {xi}fLi, v( '° = 
{y<}i=li 0i( z )) with # = ^log 2 A/ > B Y Definition 
1, either ([3]) holds with 11 = U or (0]i holds with some a, b 
such that (a + l)(b + 1) = U + 1. 

First, suppose that (0 holds with u = U. For any if = 
(ia.ia). ■ ■ • , (*V, jtr)} C [M] x [M], with (j x , j x ) < 
(h,h) < ■■■ < (iu,ju) (for a fixed ordering of [M] x [M]), 
satisfying \K\ = \Ik\ = \Jk\ = U, let Sk denote a random 
state sequence with distribution U n (s\xi 1 , , . . . , , yj v ). 
Also, for any G [M] x [M], let 

£[iy»(z|x 4 ,y„S A -)] 4 

^ W"(z|xi, yj , s)J7 n (s|x il , y^ , . . . , x it7 , y jV ). 

Then, for any if' = {(ii, ji), . . . , (i u+1 ,j u+1 )} C [M] x 
[M], with (ii, jj) < (i 2 , ja) < ••• < (»t/+i, jr/+i), satisfying 
liv'l = l/jf/l = \ J K , \ = U + l, we have 



Efci 1 ^[ei(ifc, Jfe, ^'U^a )})] 



E 



W^la;^!), j/7r(i), s)?7(s| 

(3) 



C/+1 

E 

fe=i 



1- Y, E lw n (z\x ik ,y jk ,s K >\ {{ i k , jk ) } )} 



(u + i) 



£ E[W n (z\ Xil , yjl ,S KI \ UiuM} )] by © 



z ke[U+l]; 

(it j'fc)e0i.(z) 
> (U+l)-L, by \4 L (*)\ < L. 



(5) 



Next, let Vu = {A C [M] x [M] : \K\ = \I K \ = \Jk\ = 
U}. Then, \V V \ = ( p I ^! 



> 



£ J2 E[e L (i,j,S K )\ 

KGVu (t,j)eJ*.x.7& 

E i e L(hj,s K '\{(i,j)})) 



\Vu\M 2 

\Vu\M 2 ^ ^ 
L 



\P u+1 \(U+l) 



\Vu\M 2 

\ 71 . r / V 



17 + 1 



). by© 



M J7 
Then, for any M = [2 Sn \ , 
1 



liminf— — V E[e L (S K )]>0 



KeVu 



we 



if L < U. Since the left side is an average of ez,(s) with 
respect to a distribution of Sk with K being uniform on Vjj 
and 5 > is arbitrary small, it follows that int{Gi,) = 0- 
The case in which © holds with some a, b satisfying (a + 
+1) = {/ + 1 can be handled in a similar manner. In 
particular, by considering V( a ,b) = {(7, >/) : 7 C [M], J C 
[M], |I| = o, |J| = 6} with |P (a , 6) | = ( * ) ( f 
can find a positive lower bound to 

\l (a,b) \ {IJ)eV{a b) 

for any M = [2 dn \ where 5 is arbitrarily small. Here, for 
I = {h,..., i a } C [M], with ii < i 2 < ... < i a , and 
J = {h,---,3b} C [M], with ji < j 2 < ... < j b , 
5(/ j) denotes a random state sequence with distribution 
U n (s\xi 1 , . . . , Xi Q , , . . . , yj b )- The proof is omitted for this 
case. ■ 

Outline of Proof of Theorem 3: We start with some 
standard notations. For positive numbers a, b and some se- 
quences, (xi,...,x Q ,yi,...,y b ,s,z) G (X a ) n x (y b ) n x 
S n x Z™, P(xi,... 1 x a ,yi,...,y 6l s,z) denotes the joint type of the 
sequences: the empirical distribution on X a x y h x S x Z 
of the sequences. For a finite set A and any two distributions 
P 1 {a),P 2 (a), aeA, let D(Pi||P 2 ) (resp. d(P 1 ,P 2 )) denote 
the divergence (resp. variational distance) of Pi,P 2 . 

Recall from Proposition 1 that it suffices to show that 
int{Ci,) 0- To this end, we consider a "constant compo- 
sition" code U = = {xi,...,Xm} and V = Vy = 
{yi, . . . , Ym} with each x, (resp. y^) being of the same type 
Px{x) = P( x ) (resp. Py{v) = P(y)) that coincides with the 



type of a fixed sequence x € A?" (resp. y € 3^")- We first 
describe a list decoding algorithm for such codes and show in 
Lemma 1 that it is a list-of-L size decoder. Then, a "good" 
code is specified in Lemma 4 and is used, together with the 
decoder, to show that int(Ch) 7^ 0- 

The list decoding algorithm consists of two steps and is 
parameterized by a (small) parameter 77 > to be chosen 
shortly. This algorithm follows the ideas of 0, 0, 0, 0. 

1. Collect a list of message pairs T C [M] x [M] such that 
for every G I\ there exists a state sequence s G S n such 
that for Pxysz = P( Xi ,yj,s,z)» it holds that 

#(PXYSZ||PX X Py X P S X W) < TJ. (6) 

2. Put a message pair in </>^' V (z) if G T and if 
for some s G S n satisfying 0, it holds that for every subset 
A C T such that G K and \K\ =L + 1, 



I(XYZ AX a - 1 ,Y b - 1 \S) < r], 



\J K \ and P X yx^y^ 



(7) 



Let cj)^ v (z) = {(1, 1)} if no satisfies © and 0. 



deterministic code (W x , V y ), f/te decoding algorithm 0^' V (z) 
as above satisfies |^' V (z)| < L for every z G Z™. 



where a = |Jx| and & : 

P(x,, yj -,x /jrUl} ,y. /KUj} ,s,z)- 
L 

Lemma 1: There exists a function f : {0,1,...} — > 
{0,1,...} and a sufficiently small r\ (cf. ^ and ([7}) such 
that for an AVMAC with symmetrizability U, any a > 0, any 
x G X" (resp. y G y n ) satisfying min xe x P( x )i x ) > a 
(resp. min ye -y P( y )(y) > a), every L > f{U) and any 

ur 

L 

Proof: For positive integers A, M, we shall call a set 
K C [M] x [M] an A-diagonal if \K\ = \I K \ = \Jk\ = A 
and call K an A-rectangle if \K\ = \Ik\\Jk\ > A. Further, 
K is said to contain an A-diagonal (resp. A-rectangle) if 
there exists K' C K such that A"' is an A-diagonal (resp. 
A-rectangle). For any positive integers A, R, M such that 
A < R, let B(A,R,M) = \{K C [M] x [M] : \K\ = 
R, K contains no A-diagonal and no A-rectangle}|. 

Claim: for any A > 1, any R > (A - I) 2 A and any M > 

0, B(A, R, M) = 0. To see this, consider an arbitrary M > 
and a set K C [M] x [M] with |A| = P > (A - l) 2 + 1. 
If \Ik\ > ^4 and \Jk\ > then clearly A' contains an 
diagonal. Consider the rest of the A's with, say, \Ik\ < A — I, 
As (A - l) 2 + 1 < | A| = Z ie i K \ K n {*> x J k\ and |7 X | < 
A — 1, there exists an i G Ik for which | A' n {i} x > ^4, 

1. e., A contains an A-rectangle. This proves the claim. 

Next, let 



q(A) = min R < (A-l) 2 - 

R>A ~ 
sup M>0 B{A,R,M)=0 



1, by the Claim. 



(8) 



The significance of g in can be understood as follows. For 
A > 1 and any M > 0, it holds that any set A C [M] x [M] 
with \K\ > g(A) must contain either an A-diagonal or an 
A-rectangle. We now let, for every u > 0, 



/(u)=ff(u + 2)-l< (u + 1) 2 , by 



(9) 



We shall prove Lemma 1 with this / by contradiction. Suppose 
that there exists an output sequence z £ Z n such that 
\4l V (z)| > L + 1. Pick some K C 0^' V (z) with 

|AT| = L + 1 > /([/) + 1 = + 2), by ©. (10) 

Then, for any (i, j) £ A', by (O and ©, we have that for some 
Sij e S n with Pxi K Yj K S i} z = P(x. lK ,yj K , Sij ,z), it holds that 

2r? > D(P Xi y-. Si . Z ||P^ X Py. X P Sij X W) 

+ I(X i Y j ZAX lK \ {i} Yj K \ m \S ij ) 



D 



Px lK Yj K S ijZ \ 



P Xi X Py. X Ps i3 .X lKUO K jKUi} X W 



.(11) 



Next, from (TTOb and dH), A' contains either a (U + 2)-diagonal 
or a (U + 2)-rectangle. 

First, consider the case in which K contains a (U + 2)- 
diagonal. Specifically, there exists a subset A' C K such that 
|A'| = \Ik' \ = \ Jk'\ = U + 2. By separately permuting the 
pair of indices of [M] x [M], we can assume without any loss 
of generality that A' = {(1, 1), . . . , (U + 2, U + 2)}. Applying 
the logsum inequality to (fTTT i to every (i, i) £ A', i £ [U + 2], 
we get 



2 ^ D { P Xi xP Yi x(E s£S P : 



s£S ± SuX'r 



rU + 2 X W) 



(12) 

where X? +2 4 A [[/+2]vw and if + 2 4 F [c/+2]u . t} . Apply- 
ing Pinsker's inequality (4] p. 58] to (fT2l . we get that, for each 

i 6 [U + 2], 



P X U + 2 Y U + 2 Z , 

2 ^ d { Px i xP n x(E sGS P Sw ^ 



x W) 



(13) 

where c is an absolute constant. By the triangle inequality, we 
obtain that 

2cy/2lj > maxi<j<j<i/ + 2 

/ Px t x P Yi X (£ seS P Slz X u + 2 Y u 



-2 x W), 

U + 2yU + 2 X W) 

.7 J 



(14) 



Note that P Xi = P( x ) (resp. Py, = P( y )), i = 1, . . . , U + 2, 
with mm xeX P( x )(z) > a (resp. min^y P (y) (y) > a). The 
sought contradiction is obtained by invoking the following 
Lemma 2 upon setting r} sufficiently small. The proof of 
Lemma 2 is similar to that of Lemma A4 of |8] and is omitted. 

Lemma 2: For an AS/MAC G with symmetrizability U and 
any a > 0, there exists v(a) > such that for any pair 
of distributions P(x), x £ X, and Q(y), y £ y, satisfying 
min x6 ;t? P(x) > a, iam y£ y Q(y) > a and any collection 
of U + 2 distributions Ui(x u+1 ,y u+1 ,s), (x u+1 ,y u+1 ,s) £ 
x u+i x yu+i xS ^ i = i i ,., > u + 2, it holds that 
max 1 < i<J <;7 + 2 



/ P{xMyi) 

(T, s&S W(z\x i ,y i ,s)U i (xY+ 2 , 

V (ZsesW(z\x j ,y j ,s)U j (xf +2 



yf +2 , S ), 



\ 



> V. 



Lastly, we consider the case in which A contains a (U + 2)- 
rectangle. Precisely, there exists I x J C A with |7| = a + 1, 
|J| = 6+1 and (o+l)(6+l) > U+2. By separately permuting 
the pair of indices of [M] x [M], we can assume without any 
loss of generality that I = [a + 1], J = [b + 1]. Similar to the 
argument leading to ( fT~4T >, we get 

2cy/2rj> max (iji ) j ( i / i:; v )g[a+1]x[6+1]! (i tj )^(i' 

( P Xt x P Y] x (£ seS P 6+1 x W )> 



Px t , xPy, x(£ s&s P 



sGS r S j ,,/X°, +1 l^, +1 



x W) 



(15) 



The sought contradiction is obtained by invoking the follow- 
ing Lemma 3, whose proof is also omitted, upon setting rj 
sufficiently small. This completes the proof of Lemma 1. 

Lemma 3: For an AVMAC G with symmetrizability U 
and any a > 0, there exists v(a) > such that for 
any pair of distributions P{x), x £ X, and Q(y), y £ 
y, satisfying min xi zx P(x) > a, mia y eyQ{y) > a and 
any collection of (a + l)(b +1) > U + 2 distributions 
U l0 {x a ,y\s), {x a ,y b ,s) £ X a x y b x S, i = 1, . . . , a + 
1 , j = 1 . . . , b + 1, it holds that 

max («j) 1 (<',i')e[»+i]x[Hi], (i,j)¥=W ,f) 

( P(xi)Q( yj ) 



> V. 



We now specify in the following Lemma 4 a "good" 
deterministic code, with nonzero rates; the proof of the lemma 
is similar to that of Lemma 2 in (2) and is omitted. 

For a deterministic code (U^\ V y ™ } ) with ]U\ = |V| = M 
and R = — log 2 M, any e > and any s £ S n , we define 

£ [M] x [M] : 
Mb)={ D(Pxys[\Px x Py x P s ) < c (16) 



where P 



xrs 



= P 



(Xi,yj,s) 



C e (s) ^ 



i e [M] : for any I C [M]\{i}, |/| = 
and any J C [71/], |J| = L+ 1, 
/(A A A/, Yj, S) < (2L + l)R + e, 
where Pxx 7 y 7 s = P 



, (17) 



(xj.x/.yj.s) 



j G [M] : for any J C [M]\{j}, 
and any I C [M], \I\ = L + 1, 
7(F A A /; F J; S 1 ) < (2L + 1)R + e 
where P Xi yYjS = P 



J| =£ 



> , (18) 



Lemma 4: For any < e < 8, any sequences x £ X n 
and y £ y n with H(P^) > 5 and H(P^) > S, and all 
sufficiently large n, there exists a deterministic code (U x ,V y ) 
as above with R> 5 such that for every s £ S n , 



[A e {s)\ < 2-*M 2 and 
|B e (s)|,|C £ (s)|<2-iM. 



(19) 
(20) 



V. Discussion 



For a fixed a > and all n sufficiently large, choose 
x G X n and y € y n so that min^g^ P/ X \(x) > a and 
min ye y Pr y \(y) > a. We then choose 77 sufficiently small 
according to Lemma 1 . Next, for the x and y, and for some e 
and S sufficiently small so that H(P^) > S and H(P^) > 5 
and 

V 



< e < S < R < 



(21) 



2(6L + 4)' 

we get from Lemma 4 a deterministic code (U x , V y ) with some 
R satisfying ( TZTT i. ( fT9b and ( f20b . Combining this code with the 
decoding algorithm from Lemma 1, we obtain a deterministic 
code decoded into a list of size L. Lastly, we show that for 
every s <G S n , ej,(s) approaches zero exponentially fast. 

First, we note that it suffices to prove that for all <E 
A e {s) n [B e (s) x C e (s)], eL(i,j, s) approaches zero exponen- 
tially fast, because by ( fT9T > and J20t . 

eL(s)<-^ V e L (i,j,s) + 3x 2 



(ij)6^ E (s)n[8 E (s)xC £ (s)] 



For a fixed s and € -4 e ( s ) H [B e (s) x C e (s)], e^i, j,s) 
is the probability of the event 

/ 



n W s ')U 



s'ES" 



U ^00 



\(a,b) 



V0 



(22) 



with respect to the distribution ^"(zlx^, y^ , s). i?o(s') is 
the set of all z e Z™ for which © is violated with 

Xi,yj,*i K \{i},yj K \{j},s',z and each of the £ ,&(s') is the 



set of all z e Z 
for some A' £ 

[M], (»,j) e k 



for which (0 is violated with Xj , y^ , s' , z 
where JC^> = {K C [M] x 
X| =L + 1, |7 X | =o, IJjs-I = 6}. As 



i?o(s)U |J E a>b (s) 



(23) 



subsumes (122b . it suffices to prove the exponential decays of 
W n (E (s))\xi,yj,s) and W n (E atb (s))\x i ,y j ,s), for every 
s, G A(s) n [B e (s) x C e (s)] and (a, 6) such that 



K 



^= 0. These proofs follow using the well-known 



techniques from the method of types J4J. Specifically, the 
former follows exactly as in (35) of J2] using ( [Tol l, the 
complement of © and (f2TT >. while the latter is a straight- 
forward modification of (40) and (46) of J2) using dTTJ, (TT~8T >. 
the complement of © and d2TT >. The details are omitted. ■ 



At present, there is a gap between Theorem 2 and Theorem 
3, i.e., there exists a range of list sizes for which we cannot 
determine Cl- This is caused by the fact that our present 
definition of symmetrizability only captures the "shapes" of 
an A-diagonal (O and an A-rectangle (g), while the output of 
a list decoder (for a fixed received sequence) can have any 
"shape." It remains to capture the other shapes in a "single- 
letter" form. 

The generalization to the case of an AVMAC with m- 
transmitters is fairly straightforward. In particular, Definition 1 
can be modified to take care of A-diagnals and A-rectangles in 
the ?n-product space of indices. In addition, g m (A) (as in ([H)) 
can also be defined as the smallest cardinality of a subset of the 
m-product space of indices which always contains either an A- 
diagonal or an A-rectangle. In general, g m (A) < (A— l) m + l. 
By suitably generalizing the list decoding scheme and Lemma 
4 in the proof of Theorem 3, the latter can be generalized for 
an AVMAC with m-transmitters which will give a lower bound 
= (U + l) m for the list size above which C L = C R . 
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